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Rule-basedExtrapolationin PerceptualCategorization

MichaelA. Erickson
CarnegieMellon University

JohnK. Kruschke
IndianaUniversity, Bloomington

EricksonandKruschke (1998)provideda demonstrationthat in certainsituationspeoplewill
classifynovel stimuli accordingto an extrapolatedrule, even whenthe mostsimilar training
exemplaris anexceptionto therule. Thisresultchallengedexemplarmodels.Nosofsky andJo-
hansen(2000)havecalledthisfindinginto questionby offeringanexemplar-basedexplanation
for thosedatabasedon theperceptualfeaturesof thestimuli. Here,we describetheresultsof
anew experimentthatyieldsresultssimilar to thosefoundpreviouslywithout thequestionable
perceptualfeatures:Participantswho learnto classifyall the trainingstimuli have patternsof
generalizationthat indicatea combinationof rule andexemplarrepresentation.ATRIUM, a
hybrid rule andexemplarmodel(Erickson& Kruschke, 1998),is shown to accountfor these
datamuchbetterthanALCOVE, anexemplarmodel(Kruschke,1992).Moreover, four alternate
exemplarexplanations,includingonesuggestedby Nosofsky andJohansen,cannotaccountfor
ournew findings.

Perceptualcategorizationis centralto cognition. To gen-
eralizefrom onesituationto thenext, observersmustbeable
to recognizetheessentialsimilaritiesbetweendifferentstim-
uli. As a simpleexample,althoughthe letters“a” and“a”
havedifferentperceptualproperties,peopletreatthetwo let-
ters identically for the purposeof understandingthe mean-
ing of a written word. Becauseof thefundamentalnatureof
this behavior, psychologistshave spenta greatdealof effort
trying to understandhow peoplelearnto categorizeitemsin
their environment.

Many psychologicalandfolk theorieshold thatrulesplay
a substantialrole in people’s categorizationbehavior (e.g.,
Brooks,Squire-Graydon,& Wood,1998;Bruner, Goodnow,
& Austin, 1956). This belief probablyhasseveral sources.
Among theseis that most peoplehave had the experience
of sortingitemsaccordingto instructions(e.g.,sortinglaun-
dry by color). To the degreethat peopleare successfulat
groupingitems accordingto rule-derived instructions,they
show evidenceof ruleusein categorization(Allen & Brooks,
1991;Nosofsky, Clark, & Shin, 1989). Further, many peo-
ple arefamiliarwith puzzlesin which theassignedtaskis to
guesstherule (e.g.,is “N” thenext characterin thesequence
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“OTTFFSSEN”?).Basedupontheir successin thesetasks,
peoplemayconcludethat they inducerulesin moregeneral
classificationbehavior.

In contrastto theoriespositingrule usein categorization,
othertheorieshold that people’s classificationbehavior can
be explainedby a systemthat generalizesfrom previously
seenexemplars (Kruschke, 1992; Medin & Schaffer, 1978;
Nosofsky, 1986). Accordingto thesetheories,peoplemake
categorizationdecisionsin two steps: In the first step,the
similarity betweenthe stimulusin questionand exemplars
of previously experiencedstimuli storedin memoryis de-
termined.Thenin the secondstep,the stimulusis assigned
to the category to which it is most similar overall. Ex-
emplarmodelshave providedhighly successfulaccountsof
people’s behavior in inductive category-learningtasks(e.g.,
Choi, McDaniel, & Busemeyer, 1993; Kalish & Kruschke,
1997;Kruschke,1992,1993a,1993b,1996;Medin& Schaf-
fer, 1978;Nosofsky, 1986,1987,1988,1989;Nosofsky etal.,
1989; Nosofsky, Gluck, Palmeri, McKinley, & Glauthier,
1994;Nosofsky & Kruschke, 1992;Nosofsky, Kruschke, &
McKinley, 1992;Nosofsky & Palmeri,1996;Palmeri,1999).

In fact, exemplar theorieshave beenso successfulthat
sometheoristshave proposedthat they aresufficient to ac-
count for people’s behavior acrossa rangeof categoriza-
tion tasks. For example, Nosofsky and Johansen(2000)
statedthat “in free-strategy situationsin which peoplelearn
categoriesvia inductionover trainingexemplars.. .a single-
system,exemplar-similarity approachappearsadequateto
accountfor the majorphenomenaof interest”(p. 395). Be-
foreaddressingthisclaim further, it is importantnot to over-
estimateits scope.It refersspecificallyto thosesituationsin
which peoplelearn to classify stimuli into categoriesfrom
trial-by-trial experienceandin which they aregiven no in-
structionsthatsummarizethenatureof thecategorystructure
(cf. Allen & Brooks,1991; Grings,Schell,& Carey, 1973;
Lewandowsky, Kalish,& Griffiths,2000;Noelle& Cottrell,
1996,2000; Nosofsky et al., 1989). As will be explained
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in moredetail later, in thesetasks,theparticipant’s job is to
learna mappingbetweenthestimuli anda setof labels.On
eachtrial, anindividualstimulusis presented,andthepartic-
ipant is instructedto assignthecorrectcategory label. Once
theparticipantmakesa response,feedbackis given indicat-
ing thecorrectlabel.

In thisarticlewearguethatin thesefree-strategy category
learningsituations,whenpossible,peopledo inducerulesto
acceleratelearning.We arguethatalthoughexemplarrepre-
sentationis a very generalanduseful learningstrategy, hu-
man learnersrecognizeand take advantageof situationsin
which broadgeneralizationsarepossiblein a way that can-
not be accountedfor by exemplartheoriesalone. Although
wehavepreviously foundsupportfor thispropositionin per-
ceptualcategory learningtasks(Erickson,1999;Erickson&
Kruschke,1998;Kruschke& Erickson,1994),Nosofsky and
Johansen(2000)have arguedthat theseresultswereanarti-
factof detailsin thestimulusdisplays(cf.Thomas,1998).In
this article,we demonstratethatthestimulusdetailscitedby
Nosofsky andJohansenarenot necessaryto find evidenceof
rule induction.

EricksonandKruschke (1998,Experiment1) previously
providedevidenceof rule inductionin free-strategy category
learningtasksby examiningpeople’s patternsof generaliza-
tion after training hadbeencompleted.In that experiment,
participantswerepresentedwith rectangularstimuli thatvar-
iedalongtwo separabledimensions:theheightof therectan-
gle and the horizontalpositionof an internal line segment.
Most of the stimuli were membersof two categories that
couldbedistinguishedby asimpleruleon oneof thedimen-
sions.Theremainingtrainingstimuli wereeachmembersof
their own categories,and they could be distinguishedfrom
the membersof the two rule categoriesby consideringthe
valuesof bothdimensions.

On eachtrial during training, a stimuluswaspresented,
andparticipantswereinstructedto indicatethecorrectcate-
gory label. At first, participantsjust guessed,but aftereach
response,they weretold thecorrectlabel.Oncetrainingwas
complete,EricksonandKruschke(1998)testedparticipants’
generalizationby presentingthemwith stimuli not seendur-
ing training. During this phaseof the experiment,no feed-
back was provided. In particular, Ericksonand Kruschke
were interestedin how participantsgeneralizedto stimuli
thatweresimilar to theexceptions.They foundthatevenfor
novel stimuli that weremoresimilar to the exceptiontrain-
ing instancesthanto therule traininginstances,participants
tendedto make rule-consistentclassifications.Thus,partic-
ipantsappearedto have knowledgeof a rule that could be
distinguishedfrom exemplar-basedknowledgeof theexcep-
tions.

Although the behavioral data indicatedthat participants
had inducedknowledgeof a rule, Ericksonand Kruschke
(1998) sought to corroboratethis by fitting two different
category-learningmodelsto thedata.Thefirst, ALCOVE (Kr-
uschke, 1992),utilized exemplarrepresentationbut hadno
rule representation.The second,ATRIUM (Erickson& Kr-
uschke,1998),combinedtheexemplarrepresentationusedin
ALCOVE with rule representation.Usingrule representation,

ATRIUM wasable to provide a betteroverall fit to the data
and,moreimportantly, it wasableto provideabetteraccount
of participants’generalizationto stimuli thatweresimilar to
theexceptions.Thus,EricksonandKruschkeconcludedthat
participantswereusinga combinationof rule andexemplar
representationto performthiscategory learningtask.

A demonstrationthat rule-and-exemplar representation
providesa betteraccountfor theresultsof EricksonandKr-
uschke’s (1998)Experiment1 thananexemplar-only repre-
sentationdoesnot eliminatethe possibility of alternateex-
planations.For example,in thisexperiment,thestimuli were
presentedwith tic marksandnumericlabelsalong the left
andbottomedgesof the screenso that eachstimuluscould
be uniquely identified by two, ordereddigits (e.g., “height
7, segmentposition2”). Participantsmight have augmented
their representationsof thestimuli with thesenumericiden-
tifications. To test this hypothesis,Nosofsky andJohansen
(2000)performedavariationof thisexperimentin which the
tic marksandnumericlabelswereremovedfrom thestimuli:
therectanglewith its internalline segmentwaspresentedon
an otherwiseemptyscreen. Whenthey did so, they found
thattheparticipants’patternof generalizationno longerpro-
videdstrongevidenceof rule useby participants.

Although Nosofsky and Johansen(2000) were able to
show that the omissionof tic marksandnumericlabelsin
this experimentchangedthe degreeto which rule induction
occurred,they did notshow thatthetic markswerenecessary
for rule induction.In otherwords,they did not show thatthe
evidenceof rule inductionfoundby EricksonandKruschke
(1998) was an artifact of thesestimulusdetails; they only
showed that in oneexperiment,the omissionof that infor-
mationreducedthedegreeto which rule inductioncouldbe
demonstrated.Theexperimentpresentedin thepresentarti-
cle providesevidenceof rule inductionusingstimuli thatdo
not containtic marksor labelsidentifying thevalueson the
stimulusdimensions.Thus,thenew dataprovide a continu-
ing challengeto exemplar-only theoriesof categorization.

This article is organizedas follows. We first presentan
experimentin which participantsshow a patternof gener-
alization that we argue is inconsistentwith the predictions
of extant exemplarmodelsof categorization. We thenpro-
vide explicit testsof the ability of ATRIUM, a hybrid rule-
and-exemplarmodel,and ALCOVE, an exemplarmodel, to
show that, indeed,the addition of rule representationpro-
videsaqualitative improvement.We concludeby discussing
theimplicationsof thesefindingsfor exemplartheoristsand
consideringwhatmight causelearnersto inducerules.

Experiment:Rule-Based
ExtrapolationBeyondExceptions

The stimuli were fixed-width rectangleswhoseheights
could vary amongeight, equally-spacedvalues. Eachrect-
angle was presentedwith a vertical, interior line segment
whosehorizontalposition could vary amongeight equally
spacedvalues.This yielded8 � 8 � 64 possiblestimuli. No
tic marksor valuelabelswereshown.

Thecategory layout for thesestimuli is shown in the left
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Figure1. Categorystructureandresultsfrom theexperimentfor learners.Theleft panelshows thecategorystructureandtheproportionof
rule-consistentCategoryA andB responsesfrom thelastblockof theexperiment.Therowsandcolumnsrespectively representthestimulus
valuesfor the rectangleheightsandsegmentpositions. The 33 cells containinga letter A–F weretraining instancesfor their respective
categories. The emptycells andthe cells containing � C and � F indicatethe 31 transferstimuli usedto testgeneralization.The numbers
1–8alongtheaxesareusedto label thedifferentstimulusvaluesfor thepurposesof this figureonly andarenot indicatedin thestimulus
presentation.Light cellsindicatea high proportionof rule-consistentCategory A andB responses.Theright panelshows theproportionof
learners’rule-consistent,opposite-rule,andnearbyexceptionresponsesfor the � stimuli. Thefirst setof barsshows theempiricalresults,
followedby ALCOVE’sandATRIUM ’spredictions.Errorbarsextend1 SEabove themean.

panelof Figure1. Themembersof CategoriesA andB can
bedistinguishedby consideringonly thepositionof theline
segment. Given thata stimulusis a memberof Category A
or Category B, if the segmentis in the left half of the rect-
angle,thestimulusmustbea memberof Category A, andif
thesegmentis in theright half of therectangle,thestimulus
mustbea memberof Category B. Thus,mostof thestimuli
couldbedistinguishedby asimpleone-dimensionalrule.

Therearefour exceptionsto this rule. Eachexceptionis a
memberof its own category, andhence,theexceptionscon-
stituteCategoriesC–F. The left panelof Figure1 shows the
placementof theseexceptionsin thiscategorystructure.No-
tice that two of the exceptions,C andF, lie at the extreme
edgesof the regions with trained rule instances. The re-
maininguntrainedstimuli, the transferstimuli, wereavail-
able to test generalization. Theseincludedthe stimuli la-
beled � C and � F . The � stimuli areimportantbecausethey
provide a strongtestof thethreetypesof representationun-
derconsideration:rule representation,exemplarrepresenta-
tion, and an augmentedexemplarrepresentationsuggested
by Nosofsky andJohansen(2000,p. 386),which positsthat
thevaluealongeachdimensionfor eachstimulusis storedin
memoryalongwith a standardexemplartrace. This yields
a four-dimensionalstimulusspacewith two dimensionsfor
the standardexemplartraceand two additionaldimensions
for the dimensionalvalues. If participantsare extrapolat-
ing their category knowledgeusing rules, they will tendto
classify the � C and � F stimuli asmembersof CategoriesA
andB, respectively. If they aregeneralizingusingexemplar
knowledge,they will tendto classify the � C and � F stimuli
asmembersof ExceptionCategoriesC andF becauseof the
highdegreeof similarity betweenthe � stimuli andtheseex-

ceptions.Finally, if participantsareusinganaugmentedex-
emplarrepresentationsuchastheonesuggestedby Nosofsky
andJohansen,they will tendto classify the � stimuli more
often asmembersof the oppositerule category. As will be
explainedin moredetail later, this is because(a) underthis
theory, the standardexemplarrepresentationof eachstimu-
lus is augmentedwith its valueon eachdimension,and(b)
each� stimulusperfectlymatchesthreemembersof theop-
positerule category. In particular, the � C stimulusmatches
the augmentedheight value of the threeCategory B train-
ing instanceswith height 8, and the � F stimulusmatches
the augmentedheight value of the threeCategory A train-
ing instanceswith height1. It is importantto acknowledge
that accordingto the rationalegiven by Nosofsky and Jo-
hansen(2000),theaugmentedexemplarmodelwouldnot be
suitedfor this experimentinasmuchas the stimuli arepre-
sentedwithout numeric labelsor tic marks. Nevertheless,
this category structureprovidestheability to detectwhether
or not participantsarecovertly generatingsucha representa-
tion. In sum,examinationof participants’generalizationto
the � stimuli provideaqualitativeassayfor eachof thethree
representationsunderconsideration.

Method

Participants

Eighty-one Indiana University undergraduatestudents
volunteeredto participatefor partialcreditin anintroductory
psychologyclass.
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Apparatus

Thestimuli werepresentedon PC-compatiblecomputers
in individual, sound-dampened,dimly lit booths. Partici-
pantsmaderesponsesby pressingkeys on thestandardkey-
board.

Procedure

Participantswere presentedwith 381 consecutive trials.
Thetrial orderwasseparatelyrandomizedwithin blocksfor
eachparticipant. The first 112 trials werecomposedof 14
blocksof 8 trials in whicheachof thefour exceptiontraining
items(CategoriesC,D, E,andF) werepresentedtwice.1 The
next 138trials werecomposedof two blocksof 69 trials. In
eachof theseblocks,the four exceptiontraining itemswere
presented10 timeseach,andthe 29 rule-consistenttraining
items (CategoriesA and B) were presentedonceeach. In
the last block of the experiment,131 trials, eachexception
training item was presented10 times, eachrule-consistent
trainingitem waspresentedonetime,andeachtransferitem
waspresentedtwo times.

Participantsweregiven written instructionson the com-
puterscreenindicatingthat their taskwould be to learnthe
correctlabel for eachfigure presentedto them. They were
alsotold thatneartheendof theexperiment,they would see
figuresfor which no labelwould beprovided. For thesefig-
ures,participantswereinstructedto maketheirbesteducated
guess.

On eachtrial, a stimuluswaspresentedandparticipants
were instructedto respondusing one of the keys D, F, G,
H, J,or K. Thesekeys wererandomlymappedto categories
A–F for eachparticipant. Participantswere given 30 s to
respond. Once they responded,the correctcategory label
waspresentedalongwith feedbackindicatingwhethertheir
responsewas correct, except on a transfertrial, in which
casethe feedbackindicatedmerely that their responsewas
recorded.They werethengivenup to 30 s to studythecor-
rect answer(if presented)andwere told to pressthe space
barto continue.

Results

Beforeproceedingwith otheranalyses,participants’per-
formancewas evaluatedtwice: first, to determinewhether
they learnedto classify the exceptionscorrectlybeforethe
Category A andB training itemswereintroduced,andsec-
ond, to determinewhetherthey had learnedto classify the
membersof all six categoriesin thefinal blockof theexperi-
ment.Thenull hypothesisusedto determinechancerespond-
ing for thesecomparisonswasthat participantshadlearned
to respondbyprobabilitymatching.Thealphalevelusedwas
.05. For example,chancerespondingfor Category A in the
final blockof theexperimentwouldbedeterminedby finding
the critical valueusinga binomial distribution with N � 16
andp � 16� 69 	�
 23 or bincrit � α 
�� 05��� N � 16� p ��
 23��� 8.
Thecritical valuesfor theremainingcategoriesin botheval-
uationswere computedin the sameway. In the first eval-
uation, we computedparticipants’performanceclassifying

eachof the four exceptiontraining items correctly in their
last 10 presentationsbeforethe Category A andB training
itemswereintroduced.Thecriterionusedfor eachcategory
was 6� 10 ��
 6. Four of the participantsfailed to classify
all of the exceptionsat above chancelevels. In the second
evaluation,we computedtheremaining77 participants’per-
formanceclassifyingthe training itemsin all six categories
during thefinal block. Thecriteriausedwere8� 16 ��
 5 for
Category A, 6� 13 ��
 46 for Category B, and4 � 10 ��
 4 for
CategoriesC–F. Of the77 participants,40 wereableto clas-
sify themembersof all six categoriesbetterthanchanceand
37 werenot.

The40participantswhowereableto classifythemembers
of all six categoriesbetterthanchancein thefinal blockof the
experimentarereferredto as learners. The 37 participants
wholearnedto classifyall four exceptionsbetterthanchance
but wereunableto assimilatetheCategory A andB training
itemsarereferredto aspartial learners. Inasmuchasthekey
comparisonsfor distinguishingbetweenrule representation,
exemplarrepresentation,andtheaugmentedexemplarrepre-
sentationdependuponparticipantsknowing how to classify
the training stimuli correctly, the datafrom the learnersis
most relevant for distinguishingbetweenthe theories. The
partial learners’results,therefore,arepresentedonly briefly
andarenot consideredfurther.

EmpiricalResults

Partial Learners. As would be expectedfrom the cri-
teria usedto designatethe partial learners,during the last
block, the participantsrespondedcorrectly on 71% of the
trials (SD � 18
 9%) in which exceptiontraining itemswere
presented,but only 41%of thetrials (SD � 13
 1%) in which
rule-consistenttrainingitemswerepresented.

Thepatternof generalizationto the � stimuli wasconsid-
erablydifferentfor thepartial-learnersthanfor the learners,
aswill beseen.Themodalresponsefor thepartial learners
wasthenearbyexceptioncategory (M � 39%,SD � 34
 1%)
althoughthey madea substantialnumberof rule-consistent
(M � 24%,SD � 31
 5%)andopposite-ruleresponsesaswell
(M � 27%,SD � 32
 5%;cf. theright panelof Figure1).

Learners. The proportionof rule-consistentCategory A
and B classificationsfor the learnersduring the last block
of the experimentis shown in the left panel of Figure 1,
wherelight squaresindicaterule-consistentCategory A and
B responses.During the last block, learnersrespondedcor-
rectly on 69%of the trials in which rule-consistenttraining
itemswerepresented(SD � 9 
 9%)andon82%of thetrialsin
whichexceptiontrainingitemswerepresented(SD � 9 
 6%).

1 Pilot studieswere performedin which the numberof initial
exception-onlyblockswerereduced.Althoughtheperformanceof
participantsin the pilot studieswho learnedto classify the train-
ing stimuli correctly wasnot qualitatively different from the par-
ticipantswho learnedthe training stimuli in the presentstudy, the
presentationof theseadditionalexception-onlyblocksincreasedthe
proportionof participantswho learnedthetrainingstimuli.
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Evidenceof rule representationis mostclearly found in
participants’generalizationto novel stimuli, especiallythe �
stimuli. Rule-consistentresponsesto thesestimuli suggest
rule representationwhereasexceptionresponsessuggestex-
emplarrepresentation,and opposite-ruleresponsessuggest
theaugmentedexemplarrepresentationdescribedpreviously.
Theright panelof Figure1 showstheseproportionsof partic-
ipants’responses.2 Thelearnersclearlytendedto classifythe
� stimuli accordingto the rule. Thus,theseresultsprovide
initial evidencefor rule representationin thisstrictly percep-
tual category learningexperiment.

In light of this rule-consistentclassificationof the � stim-
uli, a valid concernmight be that this patternwasdrivenby
learnerswho had masteredthe rule at the expenseof cor-
rect classificationof the exceptions.Learners’performance
on rule-consistenttraining items,however, is positively cor-
relatedwith performanceon exception training items pre-
sentedduring the last block of the experiment, r ��
 58,
t � 38��� 4 
 364, p ��
 0001. More importantly, thereareno
outliersthatwould indicatethat somelearnersweretrading
off betweenaccuracy on rule-consistentandexceptiontrain-
ing items. Nevertheless,it could still be the casethat rule-
consistentclassificationof the � stimuli is most prevalent
amonglearnerswhowerepoorestatclassifyingtheCategory
C andF trainingstimuli. Reliableevidenceof a trade-off be-
tweenrule-consistentclassificationof the � stimuli andcor-
rect classificationof the Category C andF training stimuli
in the last block could not be found, r ����
 07, one-tailed
t � 38��� � 0 
 435,p � 
 33. Hence,it is reasonableto conclude
thatthelearners’performancewassufficiently homogeneous
to beaggregatedandexaminedjointly.

Model-BasedAnalyses

Although the learners’patternof responsesis suggestive
of rule-basedresponding,it is difficult to predicthow well
an exemplarmodelof categorizationcanaccountfor a pat-
tern of resultswithout fitting it to the data. To testwhether
theadditionof rule representationasinstantiatedin ATRIUM
is useful to accountfor participants’behavior, both an ex-
emplar model, (ALCOVE; Kruschke, 1992), and the rule-
and-exemplarmodel(ATRIUM; Erickson& Kruschke,1998)
werefit to thesedata.

ATRIUM is a hybrid modelcomposedof modules.Each
stimuluspresentedto themodelis processedsimultaneously
by all of themodules.Thenumberof modulesis determined
by the numberof dimensionsin the category structurebe-
ing learned.Thereis onemoduleperdimensionthat learns
rulesandoneadditionalmodulethatlearnsexemplarassocia-
tions.Thus,to simulatethedatafrom thepresentexperiment,
threemoduleswererequired. The first two werea height-
rule moduleandaposition-rulemodulethatcouldeachlearn
to classifythestimuli basedon single-dimensionrules. The
third was an exemplarmodule that could learn to classify
eachstimulusby evaluatingits similarity to themembersof
eachof the categories. This exemplarmodule is identical
to the ALCOVE model (Kruschke, 1992). The modulesin
ATRIUM arecontrolledby a gatingmechanism,which also

usesexemplarrepresentation.It learnswhich moduleis best
suitedto classify eachstimulusand controlsthe degreeto
which eachmodulecontributesto eachclassificationsothat
thethebestmodulecontributesthemost. Thegatingmech-
anismalso controlshow rapidly eachmodulelearnsbased
on feedbackso that the module that performsthe beston
eachclassificationalsoreceivesthe mostfeedback(Jacobs,
Jordan,& Barto,1991;Jacobs,Jordan,Nowlan, & Hinton,
1991;Jacobs,1997).

Both modelswerepresentedwith the exact sequenceof
stimuli seenby eachparticipant,andon eachtrial, they pre-
dicted the probability of choosingeachof the six possible
responses.ALCOVE makesits responsesby consideringthe
similarity of eachstimulusto thepreviously presentedstim-
uli in eachof the categories. For example,if the stimulus
with segmentposition2 andheight1 werepresentedafterall
thetrainingstimuli hadbeenpresentedat leastonce,it would
be highly similar to many of the Category A stimuli (espe-
cially previous instancesof itself that it would matchper-
fectly), lesssimilar to theCategory D trainingstimulus,and
still lesssimilarto theCategoryB, C,E,andFstimuli. Hence
ALCOVE wouldpredictthatthisstimuluswouldbeclassified
mostoftenasa memberof Category A. This theoryof cate-
gorizationhassuccessfullyaccountedfor a largenumberof
empiricalphenomena(Choietal.,1993;Kalish& Kruschke,
1997;Kruschke,1992,1993a,1993b,1996;Nosofsky et al.,
1994; Nosofsky & Kruschke, 1992; Nosofsky et al., 1992;
Nosofsky & Palmeri,1996;Palmeri,1999).

ATRIUM posits that in addition to exemplarrepresenta-
tion, peoplemayform dimensionalrules.In thisexperiment,
for example,ATRIUM would beexpectedto form a rule that
classifiesall stimuli whosesegmentis positionedto the left
in Category A andall stimuli whosesegmentis positioned
to the right in Category B. Additionally, becausethe gating
mechanismin ATRIUM learnswhich stimuli arebestclassi-
fied by eachrule andwhich arebestclassifiedusingexem-
plar similarity, it canlearnthat the Category A andB stim-
uli shouldbe classifiedusingthe segment-positionrule and
that theCategory C, D, E, andF stimuli shouldbeclassified
usingexemplarsimilarity. This rule-and-exemplartheoryof
categorizationhasprovedsuperiorto ALCOVE in a number
of instances(Erickson,1999; Erickson& Kruschke, 1998;
Kruschke& Erickson,1994).

ATRIUM is a generalizationof ALCOVE. It is morecom-
plex and,therefore,shouldbeexpectedto provideaquantita-
tively superioraccountof participants’performancerelative
to ALCOVE. Becauseof this, it is importantto measurethe
quality of eachmodel’s fit in a mannerthat takesATRIUM ’s
additional complexity into account. Akaike’s information
criterion statistic(AIC, Akaike, 1974)penalizesmodelsfor
complexity asmeasuredby the numberof free parameters.

2 The � C and � F dataarecollapsedbecause,althoughlearners
weremore likely to give an exceptionresponseto the � C stimuli
(M !#" 35,SD !$" 455)thanto the � F stimuli (M !$" 04,SD !$" 175),
t % 39&'! 4 " 41, p ($" 001,all threeexplanationsunderconsideration
make this sameprediction. The distinction between� C and � F ,
therefore,doesnothelpdistinguishbetweenthetheories,andhence
they have beencombined.



6 ERICKSONAND KRUSCHKE

Modelswith morefreeparametersincur a greaterpenaltyso
that, ideally, simpler modelsare preferred. Unfortunately,
the degreeto which this penaltyis sufficient dependsupon
factorsexternalto the models. In particular, asthe number
of datapointsincreases,theimpactof thepenaltydecreases
sothatmorecomplex modelstendto befavoredinappropri-
ately(Busemeyer& Wang,2000;McDonald& Marsh,1990;
Myung & Pitt, 1997).

Becauseof thepossiblebiasinducedusingthe AIC, it is
beneficialto usecomplementarymethodsof evaluatingthe
modelsto corroborateor refuteits initial indications.In this
article, this is doneusing two differentmethods. The first
methodis simply to supplementtheAIC with otherfit statis-
tics.

Thesecondmethodis to examinethemodels’qualitative
predictionsfor a setof critical data. In this case,the criti-
cal datawere the numberof rule, exception,andopposite-
rule responsesgivento thetwo � stimuli. Thesecritical data
pointsareimportantbecause,asdescribed,eachof threethe-
oriesunderconsiderationpredictsa differentpatternof re-
sponses.Althoughthesedatapointswereincludedin theset
to which themodelswerefit, theparameteradjustingproce-
durehasno way of “knowing” which of the datapointsare
the critical ones. Thus,aslong asthe proportionof critical
datapointsis small,they areunlikely to haveadisproportion-
ateimpacton the estimatedparametervalues. In this case,
thecritical setcomprisedjust6 datapointsout of 155(about
4%). This methodof examiningqualitativepredictionsfor a
setof critical datais, in many ways,moreinformative than
quantitativemeasuresof fit. By examiningthesecritical data,
one can determinein a broadsensethe degreeto which a
modelcanor cannotaccountfor grossaspectsof behavior.

EricksonandKruschke(1998,seealsoKruschke& Erick-
son,1994)havealreadyshown thatit is difficult for ALCOVE
to accountfor someof thedetailsof learningin experiments
suchastheonepresentedhere. Therefore,if ALCOVE were
fit to the learningdatafrom this experiment,its parameter
settingswould reflectan attemptto simultaneouslyaccount
for boththelearningandthetransferdata.Consequently, the
quality of the fit to the transferdatawould almostcertainly
bediminished.Hence,to maximizethepossibility that AL-
COVE would be able to provide a goodqualitative account
of thetransferdata,themodelswereonly fit to participants’
patternsof classificationfor the31 transferstimuli in thelast
blockof theexperiment(shown in theleft panelof Figure1).
Eachof thesestimuli couldhave beenclassifiedinto oneof
six possiblecategoriesyielding 31 stimuli � � 6 � 1� inde-
pendentcategory choices� 155 degreesof freedomin the
data. As statedpreviously, threeof the responsecategories
for the � C and � F stimuli wereidentifiedasthecritical data.
Thecorrespondingresponsecategories(i.e., rule, exception,
andoppositerule) for the � stimuli werethencollapsed,and
theresultingempiricaldataandmodelpredictionsareshown
in theright panelof Figure1.

The two modelssharedfive commonparameters.These
were the learning rate for exemplarclassification,λe; the
learning rate for dimensionalattention,λα ; a measureof
overall discriminabilitybetweenthestimuli, c; a measureof

decisioncertainty, φ; anda measureof the relative salience
of the two dimensionsof stimulusvariation, υ. This last
parameterwasnecessarybecausealthougha previous sim-
ilarity scalingstudyhadshown that the two dimensionsof
stimulusvariationusedin this studywereseparable(Erick-
son& Kruschke,1998,AppendixC),ascalingstudywasnot
performedwith theseparticular64 stimuli to determinethe
relative salienceof the two dimensions.By including υ as
a free parameter, the bestvaluefor eachfit could be deter-
mined, andno fit would be prejudicedby a poor estimate.
Consistentwith the scalingstudyreportedby Ericksonand
Kruschke (1998),in all the fits reported,the salienceof the
segmentpositionwasgreaterthanthatof rectangleheight.

ATRIUM ’s learningwas governedby five other parame-
ters: the learningrate for rule-basedclassification,λr ; the
degreeof rule precision,γr ; the learningratefor the gating
mechanism,λg; the relative cost for rules basedon rect-
angle height, ch; and the relative cost of rules basedon
segmentposition, cp. For a completedescription,seeEr-
ickson (1999). Both modelswere fit to the datafrom the
learnersandthepartial-learnersseparately, andtheparameter
spacesweresearchedusinga simulatedannealingalgorithm
(Corana,Marchesi,Martini, & Ridella,1987;Goffe, Ferrier,
& Rogers,1994).

ALCOVE’s best fit yielded AIC � 2624
 46, R2 �)
 465,
and RMSD � 0 
 202 (for parametervaluesof λe � 0 
 309,
λα � 0 
 001,c � 0 
 736,φ � 0 
 734,andυ � 2 
 283). In con-
trast,ATRIUM ’s bestfit yieldedAIC � 1454
 79, R2 ��
 840,
and RMSD � 0 
 110 (for parametervaluesof λe � 0 
 026,
λα � 0 
 148,c � 4 
 800,φ � 11
 693,υ � 1 
 425,λr � 0 
 796,
γr � 8 
 594, λg � 1 
 493,ch � 7 
 890,andcp � 1 
 046). Un-
der the AIC andRMSD, lower valuesindicatea betterfit,
whereasunderR2, highervaluesindicatea betterfit. There-
fore, usingthefit statisticsalone,it canbeseenthat the im-
provementin fit providedby theadditionalprinciplesinstan-
tiatedin ATRIUM beyondthoseinstantiatedin ALCOVE was
substantial.Moreover, examinationof themodels’fit to the
critical � C and � F stimuli, shown in the right panelof Fig-
ure1, indicatesa fundamentalproblemwith thepredictions
madeby ALCOVE. ALCOVE predictsthatparticipantsshould
tendto classifythe � stimuli asmembersof thenearbyexcep-
tion categorieswhereasATRIUM, in accordwith theempiri-
caldata,predictsthatthey shouldtendto classifythe � stim-
uli asmembersof thesurroundingrulecategories.Therefore,
bothmethodsof evaluatingthemodels’fits indicatethatex-
emplarrepresentationaloneis insufficient to accountfor the
learners’behavior.

Discussion

This combinationof empirical dataand modeling indi-
catesthatparticipantsexhibitedstrongrule-likeextrapolation
of categorization.They classifiednovel stimuli accordingto
a rule, evenwhenthe mostsimilar training exemplarswere
exceptionsto the rule. Theseresultswereaccountedfor by
ATRIUM (Erickson& Kruschke,1998),which is a rule-and-
exemplarmodel,but they could not be fit by ALCOVE (Kr-
uschke,1992),which is anexemplarmodel.
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AlternateExemplarModels

It is importantto acknowledgethat exemplarmodelsare
quite powerful, and it may be possiblethat a model in that
classcould provide an alternateexplanationfor thesedata.
Without anexhaustive search,this resultwould be impossi-
ble to rule out. Nevertheless,we briefly considerfour possi-
ble classesof modificationsthatcouldbemadeto exemplar
modelsanddescribewhy is seemsunlikely that they could
accountfor thesedata.

Thefirst classof modificationsweconsiderarethosesug-
gestedby Nosofsky andJohansen(2000) that augmentex-
emplarrepresentationwith value-on-dimensionrepresenta-
tion. Becauseof thedesignof thecategorystructure,relative
to ALCOVE, this type of model predictsan increasein the
proportionof participants’oppositerule category responses
whenpresentedwith the � stimuli. ALCOVE, however, devi-
atesfrom thedatabecauseit predictstoo few rule-consistent
responses,not too few opposite-rule responses.Thus, this
classof augmentedmodelswould not accountfor partici-
pants’behavior.

The secondclassof exemplar modelswe considerare
thosethat have alternatemonotonictransformationsof the
psychologicalstimulusspace.The versionof ALCOVE that
wasfit to the datafrom the presentstudy allowed for pro-
portionalstretchingof the stimulusspacevia the υ param-
eter andattentionlearning. Thesemechanismsallow each
dimensionto bestretchedor shrunkuniformly. It is possible,
however, thata versionof ALCOVE couldaccountfor partic-
ipants’ patternsof generalizationif it assumedthat the par-
ticipants’psychologicalrepresentationof thestimulusspace
wastransformedin a morecomplex manner. We testedthis
possibility by allowing the initial positionsof the represen-
tation of eachrectangleheightandsegmentposition in the
stimulusspaceto be a free parameter, given the constraint
thattheir ordernot change(i.e.,monotonicity),while simul-
taneouslyfitting ALCOVE to the data. This versionof AL-
COVE wasable to provide an overall fit that wascompara-
ble to ATRIUM (without freely scaledheightsandpositions).
Whereasthe overall fit asmeasuredby the AIC � 1402
 19
wasslightly superiorto thatof ATRIUM, theothertwo mea-
suresof fit R2 ��
 757 , andRMSD ��
 136 indicatedan ad-
vantagefor ATRIUM (for parametervaluesof λe � 0 
 258,
λα � 0 
 001,c � 0 
 197,andφ � 1 
 583).3 More importantly,
this model failed to accountfor the participants’patternof
generalizationof thecritical � stimuli. With this moreflexi-
blepsychologicalspace,thisversionof ALCOVE wasableto
increaseits predictedproportionof rule-consistentresponses
anddecreaseits opposite-ruleresponses(.34and.07,respec-
tively). However, whereasthelearners’modalresponsewas
rule-consistent, ALCOVE’s wasstill the near exceptioncat-
egory (.54; cf. the right panelof Figure1). Thus,ALCOVE
still tendsto classifythe � stimuli asexceptionsevenunder
thebestfitting monotonictransformationof thepsychologi-
calspace.Althoughthefit statisticsaresomewhatequivocal,
examinationof the critical dataindicatesa clear, qualitative
advantagefor rule representationin this case.

Thethird classof exemplarmodelswe considerarethose

that add biasesto the outputs. Inasmuchas the different
categoriesoccurwith differentfrequencies,it is reasonable
to supposethat participantsmight be sensitive to thesefre-
quenciesandincorporatetheminto theirresponsestrategy. If
participantslearned,for example,thatCategoryA responses
occurred16 timesperblock in the lastseveralblocksof the
experimentwhereasCategory C responsesoccurredonly 10
times per block, that might explain why they tend to clas-
sify the � C stimulusasa memberof Category A. To testthis
hypothesis,we extendedALCOVE to incorporateresponse
bias learning. The bestfit of this extendedversionof AL-
COVE yieldedAIC � 2225
 66,R2 �*
 620,andRMSD �*
 170
(for parametervaluesof λe � 0 
 782,λα � 0 
 001,c � 1 
 021,
φ � 0 
 685,andυ � 1 
 532). Although this extensionof AL-
COVE wasableto improveuponthefit of standardALCOVE,
it wasstill far worsethanthat of ATRIUM. Moreover, even
thoughthis versionof ALCOVE wasableto predictfar fewer
exceptionresponsesthanthe standardALCOVE (.30), it did
soby augmentingboth rule-consistentandopposite-rulere-
sponses(.27 and.31, respectively). Thus,underbothmeth-
ods of model evaluation,this versionof ALCOVE failed to
meetthestandardssetby ATRIUM.

The last classof exemplarmodelswe considerareones
that might parsethe classificationtask into two constituent
parts: a rule-consistentpart andan exceptionpart. For ex-
ample,participantsmight have learnedto recognizethe ex-
ceptionsandto classifythemusingoneexemplarrepresenta-
tion while usinganotherexemplarrepresentationfor all other
stimuli. This would permit both accurateexception clas-
sificationandrule-consistentgeneralization.As with other
possibleexemplarmodels,wecannotrule out thepossibility
thatsomesuchmodelcouldaccountfor participants’pattern
of generalizationin the presentexperiment. We postulate,
however, that the key to suchan accountwould be the co-
ordinationof the two representations.We have termedthe
principle in ATRIUM that underliesits coordinationof dif-
ferent representationsrepresentationalattention. The idea
behindthisprincipleis thatpeoplelearnto usedifferentrep-
resentationsin differentsituations. In ATRIUM, it is imple-
mentedin theexemplar-basedgatingmechanismthat learns
which representationis bestsuitedto classifyeachstimulus
anddirectscorrective feedbackto this samerepresentation.
This allows rapid specializationof eachof the representa-
tionsandreducesinterferencebetweenthem.It seemslikely
that any model that is able to accountfor thesedatausing
multiple representations,evenmultiple exemplarrepresenta-
tions,will needto instantiatesomeform of representational
attention. Whetherour hypothesisholds,however, remains
anopenquestionfor exemplartheoriststo explore.

3 In this fit, rectangleheight 1 was assignedto location 0.0,
andthebestfitting locationsof thesubsequentheightswere0.289,
0.907,4.872, 12.340,19.151,21.592,and 22.312. Without loss
of generality, thefirst andlast segmentpositionswereassignedto
locations0.0and7.0,andthebest-fittinglocationsof the interven-
ing segmentpositionswere0.993,1.720,2.384,6.174,6.269,and
7.000.
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Whenare rulesinduced?

Themainfocusof thisarticlehasbeentodemonstratethat,
whenpossible,peopleuserule representationeven in free-
strategy inductive category learningsituations. Why might
learnersdo this? It seemslikely that a principle benefitof
rule induction is a dramaticaccelerationof learning. Kr-
uschke andErickson(1994)provided evidencefor this hy-
pothesisby examiningseparatelytheperformanceof partic-
ipantswho learnedto classifyexceptiontrainingstimuli be-
fore the rule-consistenttraining stimuli (exception-first par-
ticipants)and the performanceof participantswho learned
to classifytherule-consistenttrainingstimuli beforetheex-
ceptiontrainingstimuli (rule-firstparticipants).Whereasthe
rateof learningfor the exception-firstparticipantscould be
well accountedfor by ALCOVE, it wasunableto accountfor
the learningperformanceof the rule-first participantsusing
exemplarrepresentationalone.It wassimply unableto learn
to classify the rule-consistentstimuli as fast as the human
learners.An extendedversionof ALCOVE that incorporated
many of theprinciplesof ATRIUM, however, wasableto pro-
vide an excellentaccountof the speedwith which the rule-
first participantslearnedto classifytherule-consistenttrain-
ing stimuli.

If rule-inductionacceleratesclassificationlearning,why
is it that evidenceof rule-inductionis not found in all cat-
egory learningtasksin which a rule exists? In particular,
why did Nosofsky and Johansen(2000) not find evidence
of rule representationin their follow-upof EricksonandKr-
uschke’s (1998)Experiment1? Accordingto ATRIUM, dif-
ferent representations(e.g., rules and exemplars)compete
with oneanotherto classifyeachstimulus. Learningto use
rules, therefore,reducesthe capacityto learn associations
betweenexemplarsandcategory labels.Giventhis capacity
constraint,it makessensethatastasksbecomemoredifficult,
participantswill be lesslikely to inducerules. It shouldbe
notedthat the difficulty of the task dependsboth upon the
taskitself aswell astheresourceslearnersbring to it. Thus,
it shouldbe expectedthat for mosttaskstherewill be indi-
vidualdifferencesin rule induction.

According to the predictionmadeby ATRIUM that rule
induction should occur less as task difficulty increases,a
principle reasonthat Nosofsky and Johansen(2000) failed
to find strongevidenceof rule inductionshouldbethat their
taskwasmoredifficult. It seemslikely thatremoving thetic-
marksandthenumericlabelsfrom thestimuluspresentations
in their variationof EricksonandKruschke’s(1998)Experi-
ment1 did make the learningtaskmoredifficult. By reduc-
ing theamountof identifying informationfor eachstimulus,
they increasedthe confusabilityof the stimuli. This, then,
wouldhavemadetheformationof clearassociationsbetween
stimuli andcategory labelsmoredifficult. Further, thereis
evidencein thedatathatsuggeststhat theNosofsky andJo-
hansenstudymay have beenmoredifficult. Despiteoffer-
ing a $25premiumfor thetop threeparticipants,which was
designedto motivateparticipantsto performbetter, Nosof-
sky and Johansenultimately excluded the data from 39%
of their participants. EricksonandKruschke, on the other

hand,offeredno monetaryreward in their studyand,using
Nosofsky andJohansen’s criteria for excludingdata,would
only haveexcluded33%of their participantsdueto learning
performance. Unfortunately, this sameanalysiscannotbe
appliedto thepresentstudydueto differencesin its design.
For example,participantsin thepresentstudyweregivensix
possiblecategory labelswhereasin thepreviousstudiesthey
were given only four. Clearly, therefore,the samecriteria
cannotbe applied. Nevertheless,many aspectsof the de-
signof thepresentexperimentmayhave madeit easierthan
Nosofsky andJohansen’sstudy. Whereasin their study, 100
differentstimuli werepresentedusingtherangeof rectangle
heightsandandline segmentpositionsavailableonthecom-
puterscreen,in the presentstudy, therewereonly 64. This
quitelikely servedto decreaseconfusabilitybetweenstimuli
therebymakingtheformationof associationsbetweenstim-
uli andcategory labelseasier. Further, the training stimuli
weremoredenselydistributedacrossstimulusspacein the
presentexperiment. This may have served to delineatethe
rule moreclearly. Althoughtheseexplanationsareonly sug-
gestive, they do provide a plausibleaccountof thedifferent
resultsobtainedbyEricksonandKruschke(1998),byNosof-
sky andJohansen(2000),andin the presentstudy. That is,
whena category learningtaskbecomestoo difficult, people
are lesslikely to be able to afford the cost of learningthe
rule. This causesthemto rely on exemplar-basedcategory
learning.

Summary

ATRIUM (Erickson& Kruschke, 1998; Erickson,1999;
Kruschke & Erickson,1994)wasable to provide a signifi-
cantlybetteraccountof thedatafrom thepresentexperiment
than ALCOVE (Kruschke, 1992) andseveral other possible
exemplarmodels.Thecombinationof theempiricaldataand
modelingresultspresentedhereinprovideacontinuingchal-
lengeto theoristswho argue that a purely exemplar-based
accountof category learningis sufficient.

We argue that ATRIUM is able to accountfor the re-
sults from thesecategory learning experimentsbecauseit
incorporatesboth rule andexemplarrepresentation.As we
have shown previously (Erickson& Kruschke,1998,Exper-
iment2), exemplarsmaybe usedto representboth rule and
exceptiontraining instances.Thereforeexemplarrepresen-
tation shouldnot be thoughtof asexceptionrepresentation.
The key psychologicalideaimplementedin ATRIUM is that
peoplehave differentrepresentationsavailablefor encoding
categorystructure,andthegoalof rapiderrorreductionis an
importantinfluenceon thechoiceof representation.If rules
arementallyavailablethat canrapidly capturethe structure
of thecategories,thenthey will tendto beused.
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